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0315 Shiga Prefectural Zeze High School
The Subfield of The Cyclotomic Field
Ryusei Tanabe Shinnosuke Tokita Kohei Miyata Tomonao Muraki

Abstract A cyclotomic field Q((,, ), which is a number field obtained by adjoining a
complex root of unity (, to the field of rational numbers (, is basic and important in algebra.
We discovered a way to explicitly express all of the subfields of the cyclotomic field and
succeeded in proving it.

1. Introduction

“Every finite abelian extension of () is a subfield of Q(Cn)“. This is known as
Kronecker-Weber theorem. We found the generality and importance of the assertion of this
theorem in the search for subfields of Q(Cn) , and this was the purpose of our research.

2. Basic Knowledge

+ n-th roots of unity---They are complex numbers that yields 1 when raised to power n.

Let (,be cos(2w/n) + isin(2m/n), the roots are expressed as G- G-+ - Cir

« Primitive roots of unity---Let x be an n-th root of unity, if X is not an mth-root of unity for m <
n, X is a primitive nth- root of unity. If k and n are coprime, s primitive n-th roots of unity.

- Cyclotomic field---It is a set obtained by four arithmetic operations with @ and .

+ Fundamental theorem of Galois theory---Galois group is a set of maps from \’@(Cn) to itself
that satisfy certain tractable conditions. This theorem asserts that there is a one-to-one
correspondence between the subfield of Q((,,) and subgroups of its Galois group.

3. Method

The following is an overview of how to explicitly represent all subfields of Q(Cn_ )
By using Fundamental theorem of Galois theory, we only have to discuss the subfields
that corresponds to the subgroups of Galois group. Hereafter, we express the subfields
as M(,.m. The following procedure is used to obtain M, ). & = Z Core
@D First, we found the basis of Q((, ). rad(n)|m|n
We obtained the basis by using &,, defined by the following formula.
@ Secondly, we found the basis of M(,, 5, . Bin oy = Z (&
We obtained the basis by using _,B{“‘H} defined by the following formula. oeH
@ Thirdly, we found that we can get M, ;;, by adjoining 3(,, )t0 Q .
4. Results and Discussion
We found M(,, ;1) = @(_,B(.,,._,m) . If we had based our study solely on (,, , it would not
have developed, but the new definition of £» made our study work. The uniqueness of our
study lies in that we defined it. We were able to obtain the ring of integers of M(,, ;) for some
n, but not for n in general. We would like to discuss that in the future.
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